The problem of natural convection in a cavity of small aspect ratio with differentially heated end walls is considered. It is shown by use of matched asymptotic expansions that the flow consists of two distinct regimes : a parallel flow in the core region and a second, non-parallel flow near the ends of the cavity. A solution valid at all orders in the aspect ratio A is found for the core region, while the first several terms of the appropriate asymptotic expansion are obtained for the end regions. Parametric limits of validity for the parallel flow structure are discussed. Asymptotic expressions for the Nusselt number and the single free parameter of the parallel flow solution, valid in the limit as A -+ 0, are derived.
Introduction
Convection due to buoyancy forces is an important and often dominant mode of heat and mass transport. Of particular significance to the dispersion of pollutants and heat waste in estuaries are the buoyancy-driven convective motions induced by gradients in salt concentration or temperature.
Unfortunately the direct modelling of these natural systems is very complex, mainly because the flow is turbulent. However, the idealized problem of laminar flow in an enclosed rectangular cavity with differentially heated ends does provide some insight into these more difficult problems, and has been studied extensively in other contexts by prior investigators. The majority of these studies have used finite-difference numerical solutions of the full equations of motion, subject to the Boussinesq approximation, to consider cavities which were either square or had height hlarger than their length I ( However, Batchelor (1954) , EIder (1965) and Gill (1966) have shown that analytical progress is possible when the cavity aspect ratio h/l is large.
Batchelor (1954) considered both large and small Grashof numbers Gr. In the latter case, he obtained an asymptotic solution about the pure conduction mode of heat transfer. For large Gr, Batchelor envisaged a flow with thin boundary layers on all solid surfaces and a closed-streamline isothermal core of constant vorticity. Motivated by the experimental measurements of Elder (1965), Gill (1966) proposed an alternative structure for the case h/l $ 1 and Gr 9 1.
I n Gill's model the flow is decomposed into boundary layers adjacent to the end walls in which the horizontal temperature gradients are large, and a core region in which the temperature is assumed to be a function only of the vertical CO- ordinate. I n spite of the approximations necessary to solve the resulting equations Gill reported moderate agreement with the experimental measurements of Elder (1965) . A key feature of the case h/Z $ 1, which is implicit in Gill's model, is that the core dynamics play only a secondary role in establishing the overall flow structure, which is dominated by the buoyancy-driven boundary layers. A natural question is whether this qualitative feature persists as the aspect ratio h/Z is varied. I n particular, in the limit as h/l -+ 0, which is most relevant for the naturally occurring flows of interest in the present investigation, one might anticipate that viscous effects in the core would play an increasingly important role in establishing the flow structure for all fixed (though large) values of Gr.
I n the present paper, we use the standard methods of matched asymptotic expansions to consider the cavity flow problem in this limiting case h/l < 1, Gr fixed. We shall show that the flow structure consists of two parts: a parallelflow core region in which essentially all of the horizontal temperature drop occurs and which is dominated by viscous effects; and end regions which serve primarily t o turn the core flow through 180" as required by the solid end walls. The numerical and experimental results reported in parts 2 and 3 of the present study show excellent agreement with this asymptotic theory for large, though finite values of of (h/l)-l.
Mathematical formulation of the problem
We consider a closed rectangular two-dimensional cavity of length 1 and height h which contains a Newtonian fluid, and is shown schematically in figure 1. The end walls are held a t different but uniform temperatures and qb, with T, < Th.
The top and bottom are insulated, and all surfaces are rigid no-slip boundaries. Actually, the upper boundary of the environmental systems mentioned in the introduction is more closely approximated as a zero-shear surface. However, it was found that the experimental measurements, to be presented in part 3, could be obtained only in a cavity with a no-slip lid. Hence, the present analysis was undertaken to provide a solution that could be compared directly with the experimental results. A systematic investigation of the influence of the upper surface conditions on flow structure may be found in Cormack, Stone & Leal (1974).
The appropriate governing equations, subject to the usual Boussinesq approximations, are with corresponding boundary conditions
(5)
Here, u' and v f are the horizontal and vertical velocity components; v, po, Cp, E and p are the kinematic viscosity, density, heat capacity, thermal conductivity and coefficient of thermal expansion, all referred to some mean temperature of the fluid.
Non-dimensionalizing, using the definitions Although the characteristic velocity scaling may a t first appear an arbitrary choice, it is consistent with the physical picture of a buoyancy-driven parallel flow which is moderated by viscous effects over a length I , and may in fact be justified a posteriori by the theory which is presented in this paper. The dimensionless parameters are
Pr EE C,,uu/k (Prandtl number) (Grashof number), and A = h/b (aspect ratio).
I n what follows, we consider the asymptotic problem in which A -+ 0 with Pr and Gr held fixed.
The core flow
The key to a proper asymptotic solution, in the present case, is a proper resolution of the central or core region of the cavity. Fortunately, the flow structure in this region is surprisingly simple and amenable to direct analytical solution of the governing equations. Both the numerical and experimental evidence which we shall present in parts 2 and 3 in fact indicate that the streamlines in the core region become more nearly parallel as the aspect ratio is decreased, with substantial deviations from this structure only occurring in the immediate vicinity of the end walls. Acceptance of a parallel flow structure as a first approximation in the core would imply that the appropriate characteristic scale length in the x direction must be O(A-l).
With introduction of the characteristic horizontal scale x = O(A-l), equations The velocity field corresponding to (14) is strictly parallel to the top and bottom walls of the cavity, and cannot, therefore, satisfy the boundary conditions ( 9 a ) at the end walls. These conditions must be satisfied by solutions valid in the end regions, and in general, the two parameters Kl and K , are evaluated by matching the core solution with these two end-region solutions. I n the present case, however, the problem simplifies somewhat owing to the centro-symmetry property of the equations and boundary conditions (discussed by Gill 1966). This property imposes the requirement on the solutions that With the constant K , thus eliminated, it is possible to evaluate K , completely (and hence the ci, i = 1 , 2 , ..., co, which depend on Gr and Pr) by matching the core solution with a proper solution that is valid in either of the two end regions. This matching process is, of course, considerably simplified by the fact that the basic form of the core solution is preserved at all orders in the small parameter A . Before proceeding to a resolution of the flow in the end regions, it is useful to note the key structural features of the basic core solution for Gr fixed, A .+ 0 [equations (14) and (15)] and to contrast these with the structure in the previously noted conduction and boundary-layer limits A fixed, Gr -+ 0 and A fixed, Gr -+ co of Batchelor and Gill. The solution (14) and (15) exhibits two key features. First, the velocity field in the core is parallel to all orders in the small parameter A . Second, to a first approximation, B is independent of vertical position, and varies linearly between the end walls. The primary driving force for motion is the horizontal temperature gradient in the core. In fact, we shall show in the next section that c, = 1, so that effectively all of the temperature drop occurs across the core. The end regions are thus dynamically passive, in the sense that they serve simply to turn the flow through lS0" as required by the condition of zero volume flux through the end walls. I n contrast, for the boundary-layer limit A fixed, Gr -+ co considered by Gill, nearly all of the temperature drop occurs in thin layers a t the two ends, and these provide the driving force for flow. I n this case, it is the core region which is passive. Plow exists there only as a result of entrainment-detrainment from the end-wall boundary layers. Clearly, the flow structure for A fixed (perhaps small), Gr -+ co is fundamentally different from that for Gr fixed (perhaps large), A --f 0.
It is obvious from the first-order temperature distribution that the heat transfer process is dominated by conduction. Thus, it is important to note that the present theory is definitely distinct from the pure conduction limit A fixed, Gr --f 0 considered by Batchelor. Physically, the dominance of conduct'ion for asymptotically small values of A (with Gr large) is a result of the cumulative effect of locally small viscous effects acting over a sufficiently long distance. This reasoning is also consistent with the velocity scaling, which indicates that the length of the cavity plays a role that is identical with that played by viscosity. That is, by either doubling the length or doubling the viscosity, while keeping all other variables constant, one achieves the same effect, to cut the core velocity in half. Hence, when A is small enough, the core velocity is actually 'throttled ' to small magnitude by viscosity for any arbitrarily large value of Gr.
The flow in the end regions
We turn now to a consideration of the end regions of the cavity where the core flow described in the previous section is not valid. Although we are primarily interested in determining the coefficients ci of the parameter K,, and hence the quantitative details of the core region, it is nevertheless of some interest to develop the full asymptotic solution in this region of the flow. I n view of the centrosymmetry of the problem, we explicitly consider only the end x = 0. As we shall see, it is necessary t o proceed to third order in the end flow solution in order to obtain the first non-trivial correction for the core region.
I n the end regions, the characteristic length scales in each of the co-ordinate directions are O(h). I n this sense, the structure for A -+ 0, Gr fixed (and large) is fundamentally different from the expected structure for Gr -+ KI, with A fixed (and small), since there exist no boundary-layer-like regions in the present case, Furthermore, since the parallel structure of the core requires that all streamlines eveiitually enter the end region, it is clear that the scaling used for the horizontal velocity in the core must be maintained in the analysis of the end regions. Hence, ( G ) -( 8) must be solved subject to the boundary conditions $ = a@/ay = aO/ay = 0 on y = 0,1, (6)- (8) and equating terms of like order in A , we obtain an infinite sequence of coupled linear differential equations for the unknown functions di, qki and wi. In order to clarify the discussion to follow, we list these together with the explicit matching conditions which must be satisfied for large x, up to O(A3).
Substituting these expansions into
(
The boundary conditions (17a, b) at each order become simply
The temperature and velocity fields O,, 8,, $, and w, We begin by considering the O( 1) and O(A ) fields using (19)-(21). The solution a t O(1) for 0, is trivial, since the only solution of aOo/ax = 0 which satisfies the boundary conditions (26) is 0, = 0. It follows from the matching condition and (16a) that cf = 0 and c1 = 1. Moreover, substitution of this solution into (21) gives V201 = 0. With the appropriate boundary and matching conditions, this leads to the solution O1 = x, from which it follows that c: = c2 = 0. Hence to first order, the temperature distribution everywhere in the cavity is strictly linear in x and the dominant mode of heat transfer is pure conduction. I n this limited sense the present. solution resembles the earlier work of Batchelor for Gr < 1 and A fixed, though it should be re-emphasized that the present analysis is valid for any Gr provided only that A is sufficiently small.?
I n the light of the above results, (20) may be rewritten as v2wo = -I, V2$, = -wo.
(27) I n view of the previously stated matching conditions for @o, it is convenient to introduce the transformation
into (27), which may then be combined to give
with the boundary conditions
The required matching with the core solution yields the final boundary condition on 54
The distribution of 4 is identical with the displacenient of an elastic semiinfinite strip clamped a t the edges and subjected to a small displacement a t x = 0. The difficulties inherent in obtaining an analytic solution to problems of this general nature are well known. On the other hand, numerical solution can be rather straightforward and would be sufficient in the present case for generating an accurate approximation to the stream-function field in the end region. Nevertheless, we feel that it is worthwhile to pursue the analytical representation since the method of solution is interesting in its own right. Purthermore, it provides a useful check on the numerical solution for @o that is to be used in subsequent stages of the asymptotic theory.
To obtain an analytical expression for 4, we extend a method developed by and a, and b, satisfy the set of algebraic equations
In theory, the determination of a, and b, requires the inversion of a matrix of infinite dimension. Hence, in practice one must truncate the series after a finite number of terms (assume that the rest are zero) and obtain an approximate solution.
The first four roots of the transcendental equation (34) that occur in the first quadrant of the imaginary plane have been tabulated by Mittleman & Hillman (1946) and are listed in table 1. Furthermore, if q + ir is an eigenvalue, then so is q -i r since the roots of (34) are symmetrically placed about both the real and imaginary axes. This symmetry ensures that the imaginary part of (33) is identically zero.
We were unable to prove analytically that the truncated approximation of (33) converges to the correct solution of (28). However, a qualitative indication of such convergence is provided by a comparison of truncated versions of (33) with a full numerical solution of the governing equations plus associated boundary conditions. A numerical solution of ( 2 7 ) was therefore obtained for $ro and oo by means of an explicit Gauss-Seidel iteration scheme. The equations were approximated by a central difference representation on a geometrically expanding grid of 21 points in the x direction and a sine-transformed grid of 21 points in the y direction (a similar sine-transformed grid will be described in part 2 ) . The boundary conditions at x = 00 were applied at the finite distance x = 3. All of these numerical parameters were systematically varied to demonstrate ' their adequacy for the present purposes. The numerically determined streamlines and equi-vorticity lines are plotted in figures 2 ( a ) and ( b ) . Although we shall subsequently discuss some qualitative features of these plots, we first return to the comparison of the numerical and analytical solutions. The required comparison is provided by figure 3 , where we have plotted the centre-line values of $o as a function of x , from the numerical solution and from (33), using both the first four and the first eight available eigenvalues. The solution obtained by using only the first two eigenvalues from each of the first and fourth: quadrants represents a rather poor approximation to the 'exact' (numerical) solution. On the other hand, when all eight of the available eigenvalues are used (i.e. eight terms of the infinite series are retained), the correspondence between the numerical and analytical solutions is greatly improved. I n fact, appreciable deviations from the numerical solution persist only for x < 0.3. The coefficients d,, a, and b, corresponding to the four-and eight-term approximations to (33) are listed in table 2. Presumably, inclusion of more terms in the series would improve the comparison of the analytical and numerical solutions. We shall not, however, carry the analysis further in this paper.
The chief feature of interest in the flow field, evident from figure 2, is that both the streamlines and equi-vorticity lines are nearly parallel for x 2 1. This observation is consistent with the initial assumption that the horizontal length scale characterizing the end regions is O(h). I n addition, it is of some interest to note that the linear gradient of 8, acts as a source of positive vorticity in the region away from the walls (figure 2 b ) , while the motion of the fluid past the walls produces vorticity of opposite (negative) sign.
The temperature and velocity fields at higher orders of approximation
To obtain the coefficients c3, c,, etc. corresponding to higher-order approximations in the core flow, it is necessary to continue to higher orders in the end regions as well. The remainder of this section is concerned with the solution of (22)-(25) for the functions w1 and 8, and $,, o, and O,, which, when combined with the results of the previous section, yield the coefficients c3 and cp, respectively.
Although, in theory, it is relatively straightforward t o obtain an analytical solution for O,, it is impractical in view of the complexity of the solution for $o to use this or higher-order solutions to evaluate the stream function, vorticity or temperature a t any given point. Hence, t o determine Be, $, and w,, we proceed numerically, using the numerical solutions for $o and w,, in conjunction with 
141)
A numerical solution for 0; was obtained using the same grid and iterative procedure that were previously used for the determination of $o. The result is shown in figure 4 , where lines of constant 8; are plotted. The main feature is the strong y dependence of @; , which clearly represents a sharp departure from the pure conduction temperature profile obtained for O1. While %';/ax is negative for y < 0.5, it is positive for y > 0.5. In addition, this solution is consistent with the asymptotic boundary condition since a8;/ax -+ 0 as x -+ 00.
Using the numerical solutions for 0; and $o, we proceed to the solution for and wl. Since @l is subject only to homogeneous boundary conditions, it The integral of (42b) over the depth of the cavityindicates that, like c; , ci is identically zero. However, the same is not true for c;. Hence, this constant must be determined during the course of the numerical solution for 8;. This is accomplished by noting that (43 a) also implies lim aO;/ax = 0.
Since the solution of (42a) subject to either of the conditions (43a) or (44) is unique, the numerical solution of the latter problem not only yields 04, but also ci. A surprising feature of this solution is that 0; appears t o depend only on x to within the available numerical accuracy. Hence, in figure 6 we have plotted only the centre-line value for 6; as a function of x. It is evident that 0; does asymp- 
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I n contrast to S;, the numerical solution for 6 , as shown by the contours in- figure   7 , is a strong function of y. However, since is approximately two orders of magnitude smaller than S; , the O(A3) correction to the temperature field will always be dominated by 6; unless Pr < 1. The fact that ci is non-zero is significant because it provides the first correction to K , and hence, to the temperature and velocity profiles in the core due to the interaction with the end region. Correct to O(Gr2 Pr2A3), the constant K , is K, = 1 -3.48 x 10-6Gr2 Pr2 A3.
(45)
Although this correction for K , is largely sufficient for providing a comparison between the asymptotic theory presented here and the numerical and experimental results of parts 2 and 3, it is beneficial t o obtain one more term of the endregion stream-function expansion, since it provides a detailed flow correction which is very evident in the numerical solutions to be presented in part 2.
Like $,andw,, $2 and o2 are subject only to homogeneous boundary conditions. To eliminate the Pr, Gr dependence in (24), it is convenient to break this prob- It is apparent that each mode has a dominant set of closed streamlines, $; and $; corresponding to counterclockwise flow and $ : to clockwise circulation. I n addition fi exhibits a weak clockwise circulation for x > 1. It is significant that f; and $!! are two orders of magnitude smaller than $;, since, unless Pr < 1, $, (and therefore w 2 ) will always be dominated by $; (and w;).
I n principle, it is possible to continue generating higher-order corrections t o the stream-function and temperature profiles in the end region. However, with each higher-order term, the number of numerical solutions that must be calculated increases substantially. I n fact, for the O(An) problem, one must obtain 2n -1 numerical solutions. Because of the symmetry properties of the previously obtained numerical solutions, the O(A4) problem (which has not been specifically outlined) does not contribute to K , (i.e. c5 E 0). Hence, in order to obtain the next non-trivial correction to the temperature gradient in the core (O(Gr4 Pr4A5)), one must proceed to the O(A5) problem in the end region. Since 13 additional solutions would be required fully to determine c6, we have elected to terminate trhe asymptotic expansion a t O(A3). The implications of the results t o this order are discussed in the next section. With the above limitation in mind, we note that the dominant qualitative effect of the first correction is to skew the streamlines in the coId end of the box upward relative to the symmetric function $,,. That is, the streamlines entering the cold end region advance further into the upper corner and are then deflected outwards to a more gently rounded corner a t the bottom by the action of the end wall.
This shift in the streamlines represents the first effects of the stable stratification on the flow in the end region. A possible physical explanation is that the stratification retards vertical motion so that the fluid starts its downward flow nearer the end wall where the stratification is weakest owing t o the end-wall cooling.
For particular values of the parameters considered, the second correction $2 has an even more pronounced influence on the contour lines than does the first correction. (In the asymptotic limit as A -+ 0, of course, the first corrections will be larger than the second corrections.) The influence of $2 on the flow is to increase the net local mass flux. Figure 9 indicates that this increased mass flux may result in closed streamlines in the end region. The parallel streamlines that leave the core are diverted towards the upper wall and away from the lower wall as they traverse the end region. The characteristic 'bump' in the streamlines which results is a prominent feature of the numerical results of part 2.
The value which we have used for Pr in the composite expansion of figure 9 is approximately that for water. As we have noted previously, the corrections @; , @; and $[ become appreciable only as Pr becomes very small. Clearly, in view of the form of @ ; and $[, the detailed nature of the end-region flow will be considerably modified in the limit as Pr -+ 0. I n particular, instead of the upward shift of the streamlines which we observed for Pr = O( 1), the streamlines in the cold end of the cavity will be shifted downwards for Pr < I. I n addition, the end-region flow will be characterized by the absence of any closed streamlines. It is possible to obta,in an expression for the Nnsselt number from the present asymptotic approach for the limit A + 0 with Pr and Gr fixed. To obtain the relationship, we must evaluate (48) using the temperature profile in the cold end of the cavity, correct to O(Gr2 PrZAz), e.g. The Nusselt number, as defined by (48), is equivalent to the longitudinal dispersion rate which is frequently used to characterize real estuaries. It is, therefore, significant that the first convective contribution to Nu is precisely the Taylor dispersion coefficient, calculated using the first-order core velocity profile (cf. equation (12) of the recent review paper of Fischer (1973)).
Further discussion of results
At the present time, there exist no experimentally or numerically determined correlations for Nu, that are valid for A < 1, with which (50) may be compared. However, it will be shown in part 2 that values of Nu calculated from numerical solutions of the full Navier-Stokes equations for 0-1 < A < 0.05 t The next correction t o Nu arises from the O(A4) problem and can be shown t o be c;Gr2 Pr2 A4.
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agree with (50) provided only that Gr2 Pr2 A3 is suitably restricted in magnitude. A point of some interest with regard to (50) is the graphic illustration it provides of the fundamental difference between the limiting processes A -+ 0, Gr 9 1 (fixed) and A < I (fixed), Gr -+ 00. I n the latter circumstance we have previously suggested (and our numerical and experimental results of parts 2 and 3 provide further evidence in corroboration) that the flow structure will be dominated by natural-convection boundary layers a t the side walls, with all of the horizontal temperature drop occurring in these regions and the interior core flow driven primarily by the entrainment-detrainment process associated with these layers. I n this case, the Nusselt number (48) must clearly be proportional to Grm, with m > 0. I n contrast, however, the expression (50) shows that, if Gr is held fixed and A is decreased without limit, the Nusselt number must ultimately become independent of Gr to first order, no matter how large Gr may be! Finally, although the asymptotic analysis which we have considered is strictly valid only in the limit A -+ 0 with Gr and P r fixed, it is useful to consider the range of values of these parameters where the results may be of practical use. Such an undertaking is, perhaps, particularly desirable in the present circumstance since (14) and (15) indicate the existence of a parallel flow structure to all orders of magnitude in A. Certainly the asymptotic treatment does not explicitly indicate an upper limit of A . However, the numerical solution for w,,, figure 2 (b), indicates that the equi-vorticity lines are graphically parallel only for x > 2 .
Thus, before parallel flow can exist, the cavity must be a t least four times as long as it is deep, or A 5 0.25. The form found for K,, e.g.
K , = 1 +ciGr2 Pr2 A3+O(Gr4 Pr4A5),
indicates that the actual value of A necessary for the core solution (14) and (15) to be valid must depend explicitly upon the fixed values of Gr and Pr. Although a rigorous convergence criterion is not possible with the limited results presented here, an approximate criterion can be obtained by requiring only that the second term in the expansion for li, be small relative to the first. If we take 0.1 to be small, then it is found that Gr2 Pr2 A3 5 lo5.
Even if the 'small' correction were allowed to be O(l), the range of values of Gr, Pr and A encompassed by (51) would not be changed substantially. It is, of course, necessary to examine experimental results and/or numerical solutions of the full Navier-Stokes equations in order to substantiate the estimate embodied in (51). This we do in parts 2 and 3 of the present work. (51) This work was done, in part, while J.Imberger was a visitor to the Keck Laboratory of Environmental Engineering at the California Institute of Technology, with the support of a National Science Foundation Grant GK-35774X.
